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Abstract
The twenty-one-vertex model, the spin 1 analogue of the eight-vertex model is considered on
the basis of free field representations of vertex operators in the 2 × 2-fold fusion SOS model and
vertex-face transformation. The tail operators, which translate corner transfer matrices of the
twenty-one-vertex model into those of the fusion SOS model, are constructed by using free bosons
and fermions for both diagonal and off-diagonal matrix elements with respect to the ground state
sectors. Form factors of any local operators are therefore obtained in terms of multiple integral
formulae, in principle. As the simplest example, the two-particle form factor of the spin operator is
calculated explicitly.
1 Introduction
In this paper we consider the spin 1 analogue of Baxter’s eight-vertex model [1], on the basis of vertex
operator approach [2]. The model is often called twenty-one-vertex model since the R matrix has twenty
one non-zero elements. The eight-vertex model is related to spin 12 anisotropic Heisenberg spin chain.
Lashkevich and Pugai [3] found that the correlation functions of the eight-vertex model can be obtained
by using the free field realization of the vertex operators in the eight-vertex SOS model [4], with insertion
of the nonlocal operator Λ, called ‘the tail operator’. In [5] Lashkevich obtained integral formulae for
form factors of the eight-vertex model.
There are some researches which generalize the study of [3, 5]. The vertex operator approach for
higher spin generalization of the eight-vertex model was presented in [6]. As for higher rank general-
ization, the integral formulae for correlation functions of Belavin’s (Z/nZ)-symmetric model [7] were
presented in [8], and those form factor formulae were presented in [9].
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We are interested in the form factors, originally defined as matrix elements of some local operators,
in the twenty-one-vertex model. In this paper we will construct the tail operators for both diagonal and
off-diagonal matrix elements with respect to the ground state sectors.
Let us mention on the trigonometric limit cases of elliptic vertex model. In [10] the spontaneous
polarization formulae of the higher spin analogue of the six vertex model, the trigonometric limit of
the eight-vertex model, were obtained by using Bethe Ansatz method. Idzumi [11] reproduced those
formulae for spin 1 case in terms of vertex operator formalism. In the critical limit, the spin k2 (isotropic)
Heisenberg spin chain is described by level k Wess-Zumino-Witten model [12], whose central charge is
given by c = 3kk+2 . Since c = 1 for the spin
1
2 case, the eight-vertex model can be described in terms
of one boson. Spin 1 analogue of the eight-vertex model (twenty-one-vertex model) can be described in
terms of one boson and one fermion, because c = 32 = 1+
1
2 for k = 2. Actually, Idzumi [11], Bougourzi
and Weston [13] constructed level 2 irreducible highest weight representations of the quantum affine Lie
algebra Uq(ŝl2) in terms of one boson and one fermion.
Let us turn to the elliptic case. Baxter [14, 15, 16] found the vertex-face transformation which relates
the eight-vertex model and the SOS model. Boos et al. [17] proposed a conjectural formula for multi-
point correlation functions of the Z-invariant (inhomogeneous) eight-vertex model. The restricted SOS
(RSOS) model was constructed in [18]. The higher spin generalization of RSOS model was introduced in
[19, 20] on the basis of the fusion procedure. Kojima, Konno and Weston [6] constructed vertex operator
formalism for the higher spin analogue of the eight-vertex model, by using vertex-face transformation
onto k × k fusion SOS model.
The present paper was written in a self-contained manner so that section 2 and section 3 except
subsection 3.5 are reviews of previous related works. In section 2 we review the basic objects of the
twenty-one-vertex model, the corresponding fusion face model [19, 20], the vertex-face correspondence
of these two models, and the tail operators which translate correlation functions and form factors of
fusion SOS model into those of the twenty-one-vertex model. Some detail definitions of the models
concerned are listed in Appendix A. In section 3 we introduce free field representations for 2× 2 fusion
SOS model. The type I and the type II vertex operators, the tail operators and the CTM Hamiltonian
can be realized in terms of bosons and fermions. Form factors of the twenty-one-vertex model can be
obtained by these objects, in principle. Section 4 is devoted to derivation of the integral formulae for
form factors of the twenty-one-vertex model. In order to show the relevance of our present method, we
calculate the simplest form factor of the local operator Sz1 in subsection 4.2. In section 5 we give some
concluding remarks. Useful operator product expansion (OPE) formulae and commutation relations for
basic operators are given in Appendix B. In Appendix C, the details of derivation are given for the free
filed representations of the tail operators off-diagonal with respect to the ground state sectors.
2 Basic objects
The present section aims to formulate the problem, thereby fixing the notation.
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2.1 Theta functions
Jacobi theta function with two pseudo-periods 1 and τ (Im τ > 0) are defined as follows:
ϑ
 a
b
 (u; τ) := ∑
m∈Z
exp
{
π
√−1(m+ a) [(m+ a)τ + 2(u+ b)]} , (2.1)
for a, b ∈ R. In what follows we use the symmbols θ1(u; τ), · · · , θ4(u; τ) when (a, b) = (12 ,− 12 ), (12 , 0), (0, 0), (0, 12 )
on (2.1), respectively. Let r > 2 and ǫ > 0 be fixed, and let
h
(t)
j (u) := θj
(
u
t ;
π
√−1
ǫt
)
, (j = 1, 2, 3, 4)
for t > 0. We put h
(r)
j (u) = hj(u) for simplicity. We will use the abbreviations,
[u] := x
u2
r
−uΘx2r(x2u), {u} := xu
2
r
−uΘx2r(−x2u),
[[u]] := x
u2
r Θx2r(x
2u+r), {{u}} := xu2r Θx2r (−x2u+r),
(2.2)
where
Θq(z) = (z; q)∞(qz−1; q)∞(q; q)∞ =
∑
m∈Z
qm(m−1)/2(−z)m,
(z; q1, · · · , qm)∞ =
∏
i1,··· ,im>0
(1− zqi11 · · · qimm ).
Note that
h1(u) =
√
ǫr
π exp
(− ǫr4 ) [u], h4(u) =√ ǫrπ exp (− ǫr4 ) {u},
h2(u) =
√
ǫr
π [[u]], h3(u) =
√
ǫr
π {{u}},
where x = e−ǫ.
In the present paper we often use the following abbreviations:
r′ = r − 1, r′′ = r − 2, [u]′ = [u] |r 7→r−1 , [u]′′ = [u] |r 7→r−2 ,
and so on.
2.2 Spin 1 analogue of the eight-vertex model
The twenty-one-vertex model is constructed from the original spin 12 eight-vertex model by fusion pro-
cedure. Let
R(u)vε1 ⊗ vε2 =
∑
ε′1,ε
′
2=±
vε′1 ⊗ vε′2R(u)
ε′1ε
′
2
ε1ε2 (2.3)
be the R-matrix of the eight-vertex model. Non-zero elements of the R-matrix are given as follows:
R(u)εεεε =
1
κ¯(u)
h
(2r)
2 (1)h
(2r)
2 (u)
h
(2r)
2 (0)h
(2r)
2 (1− u)
, R(u)ε−εε−ε = −
1
κ¯(u)
h
(2r)
2 (1)h
(2r)
1 (u)
h
(2r)
2 (0)h
(2r)
1 (1− u)
,
R(u)−εεε−ε =
1
κ¯(u)
h
(2r)
1 (1)h
(2r)
2 (u)
h
(2r)
2 (0)h
(2r)
1 (1− u)
, R(u)−ε−εεε =
1
κ¯(u)
h
(2r)
1 (1)h
(2r)
1 (u)
h
(2r)
2 (0)h
(2r)
2 (1 − u)
,
(2.4)
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where,
κ¯(u) = ζ−
r−1
r
ρ(z)
ρ(z−1)
, (z = ζ2 = x2u, x = e−ǫ) (2.5)
ρ(z) =
(x2z;x4, x2r)∞(x2r+2z;x4, x2r)∞
(x4z;x4, x2r)∞(x2rz;x4, x2r)∞
.
Let
R(1,1)(u)vj1 ⊗ vj2 =
1∑
j′1,j
′
2=−1
vj′1 ⊗ vj′2R(1,1)(u)
j′1j
′
2
j1j2
(2.6)
be the R-matrix of the twenty-one-vertex model. This R(1,1)(u) can be obtained from R(u) in terms of
fusion procedure. The following property
PR(1,1)(1) = −R(1,1)(1), P (x⊗ y) = y ⊗ x, (2.7)
is important in the fusion procedure. The explicit expressions of the matrix elements of R-matrix of the
twenty-one-vertex model are given in Appendix A.
We assume that the parameters u, ǫ and r on (2.4) and (A.2) lie in the so-called principal regime:
ǫ > 0, r > 2, 0 < u < 1. (2.8)
This is the antiferroelectric region of the parameters. The twenty-one-vertex model has three kinds of
ground states labeled by i for i = 0, 1, 2. Accordingly, there are three spaces of physical states H(i)
(i = 0, 1, 2). Here, the space H(i) is the C-vector space spanned by the half-infinite pure tensor vectors
of the forms
vs1 ⊗ vs2 ⊗ vs3 ⊗ · · · with sj ∈ {−1, 0, 1}, for j = 1, 2, 3, · · · (2.9)
and
sj =
 1− i (j ≡ 0 mod 2)i− 1 (j ≡ 1 mod 2) for j ≫ 0. (2.10)
Note that H(i) is isomorphic to the level 2 highest weight module of affine Lie algebra A(1)1 , with the
highest weight
λi := (2− i)Λ0 + iΛ1 (i = 0, 1, 2),
respectively. Here, Λi’s (i = 0, 1) denote the fundamental weights of A
(1)
1 .
Let H∗(i) be the dual of H(i) spanned by the half-infinite pure tensor vectors of the forms
· · · ⊗ vs−2 ⊗ vs−1 ⊗ vs0 with sj ∈ {−1, 0, 1}, for j = 0,−1,−2, · · · (2.11)
and
sj =
 1− i (j ≡ 0 mod 2)i− 1 (j ≡ 1 mod 2) for j ≪ 0. (2.12)
Let us consider the so-called low temperature limit x→ 0 of (A.2) with ζ = xu be fixed. Then the
R(1,1)(u) behaves as
R(1,1)(u)s1s2s′1s′2
∼ ζH(s1,s2)δs1s′2 δ
s2
s′1
(x→ 0) (2.13)
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where
H(s, s′) = |s+ s′| =

0 (if (s, s′) = (±1,∓1), (0, 0))
1 (if (s, s′) = (±1, 0), (0,±1))
2 (if (s, s′) = (±1,±1))
(2.14)
Thus, the South-East corner transfer matrix behaves
A
(i)
SE(u)
s1s2···
s′1s
′
2··· ∼ ζ
H
(i)
CTM
(s1,s2,··· )δs1s′1 δ
s2
s′2
· · · : H(i) → H(i), (2.15)
in the low temperature limit x→ 0, where
H
(i)
CTM (s1, s2, · · · ) =
∞∑
j=1
jH(sj , sj+1). (2.16)
We assume that (2.15) is valid not only for low temperature limit x→ 0 but also for finite 0 < x < 11.
Likewise other three types of the corner transfer matrices are introduced as follows:
A
(i)
NE(u) : H(i) → H∗(i),
A
(i)
NW (u) : H∗(i) → H∗(i),
A
(i)
SW (u) : H∗(i) → H(i),
(2.17)
where NE, NW and SW stand for the corners North-East, North-West and South-West. It seems to be
rather general [1] that the product of four CTMs in the infinite lattice limit is independent of u:
ρ(i) = A
(i)
SE(u)A
(i)
SW (u)A
(i)
NW (u)A
(i)
NE(u) = x
2H
(i)
CTM . (2.18)
The trace of ρ(i) coincides with the principally specialized character of λi, up to some factors [21]:
χ(i) := trH(i) (x
2H
(i)
CTM ) = xiχλi(x) =
 (−x2;x2)∞(−x4;x4)∞ (i = 0, 2)(−x2;x2)∞(−x2;x4)∞ (i = 1) (2.19)
Introduce the type I vertex operator by the following half-infinite transfer matrix
Φj(u1 − u2) = ✛
❄ ❄ ❄ ❄
j
u1
u2 u2 u2 u2
· · ·
(2.20)
Then the operator (2.20) is an intertwiner from H(i) to H(2−i). The type I vertex operators satisfy the
following commutation relation:
Φj1(u1)Φ
j2 (u2) =
∑
j′1,j
′
2
R(1,1)(u1 − u2)j1j2j′1j′2Φ
j′2(u2)Φ
j′1(u1). (2.21)
When we consider an operator related to ‘creation-annihilation’ process, we need another type of
vertex operators, the type II vertex operators that satisfy the following commutation relations:
Ψ∗j2(u2)Ψ
∗
j1(u1) =
∑
j′1,j
′
2
Ψ∗j′1(u1)Ψ
∗
j′2
(u2)S
(1,1)(u1 − u2)j
′
1j
′
2
j1j2
, (2.22)
1Note that the u-dependence of R(1,1)(u) is actually ζ-dependence, where ζ = xu. Since the eigenvalues λs of A
(i)
SE
(u)
should be invariant under the shift u 7→ u+2pi
√
−1/ log x, we have λs = ζns (ns ∈ Z). Owing to the discreteness property
of eigenvalues, (2.15) should be valid even for finite 0 < x < 1, in the sense of similarity transformation.
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Φj1(u1)Ψ
∗
j2(u2) = −Ψ∗j2(u2)Φj1(u1), (2.23)
where
S(1,1)(u) = R(1,1)(u)|r 7→r−2. (2.24)
Furthermore, the type I vertex operator Φj(u), the type II vertex operator Ψ∗j(v) and ρ
(i) introduced
on (2.18) satisfy the homogeneity relations
Φj (2−i,i)(u)ρ(i) = ρ(2−i)Φj (2−i,i)(u− 2), Ψ∗ (2−i,i)j (u)ρ(i) = ρ(2−i)Ψ∗ (2−i,i)j (u − 2), (2.25)
and the normalization conditions
1∑
j=−1
Φ
∗ (i,2−i)
j (u)Φ
j (2−i,i)(u) = 1, Ψj
′ (i,2−i)(u′)Ψ∗ (2−i,i)j (u) =
δj
′
j
1− x−2z/z′ +O(1). (2.26)
Here, z = x2u, z′ = x2u
′
and
λΦ
∗ (2−i,i)
j (u) = Φ
−j (2−i,i)(u− 1), λ∗Ψ∗ (2−i,i)j (u) = Ψ−j (2−i,i)(u− 1), (2.27)
and λ and λ∗ are appropriate constants defined later.
2.3 2× 2 fusion SOS model
The SOS model was introduced by Baxter [14, 15, 16] in order to solve the eight-vertex model. The
state variables of the SOS model take integer values. A pair (a, b) ∈ Z2 is called admissible if b = a± 1.
Let (a, b) be the state variables at adjacent sites. Then the pair (a, b) is admissible. For (a, b, c, d) ∈ Z4
let W
 c d
b a
∣∣∣∣∣∣u
 be the Boltzmann weight of the SOS model for the state configuration
 c d
b a

round a face. Here the four states a, b, c and d are ordered clockwise from the SE corner. In this
model W
 c d
b a
∣∣∣∣∣∣u
 = 0 unless the four pairs (a, b), (a, d), (b, c) and (d, c) are admissible. Non-zero
Boltzmann weights are given as follows:
W
 k ± 2 k ± 1
k ± 1 k
∣∣∣∣∣∣u
 = 1
κ¯(u)
,
W
 k k ± 1
k ± 1 k
∣∣∣∣∣∣u
 = 1
κ¯(u)
[1][k ± u]
[1− u][k] ,
W
 k k ± 1
k ∓ 1 k
∣∣∣∣∣∣u
 = − 1
κ¯(u)
[u][k ± 1]
[1− u][k] .
(2.28)
The twenty-one-vertex model can be transformed into 2×2 fusion SOS model in terms of vertex-face
correspondence. Let (a, b) be the state variables of 2 × 2 fusion SOS model at adjacent sites. Then
b = a ± 2, or b = a. In what follows we denote b ∼ a when b − a ∈ {−2, 0, 2}. Non-zero Boltzmann
weights W22(u) are given in Appendix A.
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Here we again assume that the parameters u, ǫ and r on (2.28) and (A.3) lie in (2.8). This region of
the parameters is called regime III in the SOS-type model. For k, l ∈ Z and i = 0, 1, 2, let H(i)l,k be the
space of admissible paths (k0, k1, k2, · · · ) such that
k0 = k, kj+1 ∼ kj for j = 0, 1, 2, · · · , (2.29)
and
kj =
 l + i (j ≡ 0 mod 2)l + 2− i (j ≡ 1 mod 2) for j ≫ 0. (2.30)
Also, let H∗(i)l,k be the space of admissible paths (· · · , k−2, k−1, k0) such that
k0 = k, kj−1 ∼ kj for j = 0,−1,−2, · · · , (2.31)
and
kj =
 l + i (j ≡ 0 mod 2)l + 2− i (j ≡ 1 mod 2) for j ≪ 0. (2.32)
After gauge transformation [19, 20], the Boltzmann weightsW22(u) in the so-called low temperature
limit x→ 0 behave as
W22
 c d
b a
∣∣∣∣∣∣u
 ∼ δbdζ 12 |c−a|. (2.33)
Here we take the limit x→ 0 with ζ = xu be fixed. Let A(i)l.k, B(i)l.k , C(i)l.k and D(i)l.k be the SE, SW, NW,
NE corner transfer matrix. Then the SE corner transfer matrix behaves as follows:
A
(i)
l,k(u)
k0k1k2···
k′0k
′1k′2··· ∼ ζ
H
(i)
l,kδk0k′0
δk1k′1
δk2k′2
· · · ,H(i)l,k → H(i)l,k, (2.34)
in the low temperature limit x→ 0, where
H
(i)
l,k (k0, k1, k2, · · · ) =
1
2
∞∑
j=1
j|kj+1 − kj−1|. (2.35)
Likewise other three types of the corner transfer matrices are introduced as follows:
B
(i)
l,k(u) : H∗(i) → H(i),
C
(i)
l,k (u) : H∗(i) → H∗(i),
D
(i)
l,k(u) : H(i) → H∗(i).
(2.36)
It seems to be rather general [1] that the product of four CTMs in the infinite lattice limit is independent
of u:
ρ
(i)
l,k = A
(i)
l,k(u)B
(i)
l,k(u)C
(i)
l,k (u)D
(i)
l,k(u) = [k]x
2H
(i)
l,k . (2.37)
Let k ≡ l + i + 2j (mod 4), where i = 0, 1, 2 and j = 0, 1. Then the trace of ρ(i)l,k can be given as
follows [22]:
χ
(i)
l,k := trH(i)
l,k
(ρ
(i)
l,k) = [k]c
λi
λi+2j
(x4)x
r
2r′′ l
2−lk+ r
′′
2r k
2
. (2.38)
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Here cλiλj (x
4) is the string function [23], up to some factors. We change the definitions for the present
purpose as follows:
cλ0λ0(x
4)± cλ0λ2(x4) =
(∓x2;x4)∞
(x4;x4)∞
,
cλ1λ1(x
4) = cλ1λ3(x
4) =
x
1
2 (−x4;x4)∞
(x4;x4)∞
,
cλiλj (x
4) = 0 (for j 6≡ i mod 2).
(2.39)
Besides (2.39) we have the following symmetry
cλiλj (x
4) = cλiλj+4(x
4) = c
λ2−i
λ2−j
(x4). (2.40)
From (2.38), (2.39), (2.40) and (2.19), we obtain the following relation [6]:∑
k∈l+i+2Z
χ
(i)
l,k = [l]
′′χ(i). (2.41)
Introduce the type I vertex operator by the following half-infinite transfer matrix
Φ(u1 − u2)k′k =
✻ ✻
✛
✛
✻
✛
✛
✻
✛
✛
✛
✛
k
k′
✛
❄ ❄ ❄
u2 u2 u2
u1
(2.42)
Then the operator (2.42) is an intertwiner from H(i)l,k to H(2−i)l,k′ . The type I vertex operators satisfy the
following commutation relation:
Φ(u1)
c
bΦ(u2)
b
a =
∑
d
W22
 c d
b a
∣∣∣∣∣∣ u1 − u2
Φ(u2)cdΦ(u1)da. (2.43)
The free field realization of Φ(u)ba was constructed in [6]. See section 3.2.
The type II vertex operators should satisfy the following commutation relations:
Ψ∗(u2)cdΨ
∗(u1)da =
∑
b
Ψ∗(u1)cbΨ
∗(u2)baW
′′
22
 c d
b a
∣∣∣∣∣∣ u1 − u2
 , (2.44)
Φ(u1)
k′
k Ψ
∗(u2)l
′
l = −Ψ∗(u2)l
′
l Φ(u1)
k′
k , (2.45)
where
W ′′22
 c d
b a
∣∣∣∣∣∣ v
 =W22
 c d
b a
∣∣∣∣∣∣ v
 ∣∣∣∣∣∣
r 7→r−2
. (2.46)
Furthermore, the type I vertex operator Φ(u)k
′
k , the type II vertex operator Ψ
∗(u)l
′
l and ρ
(i)
l,k intro-
duced on (2.37) satisfy the homogeneity relations
Φ(2−i,i)(u)k
′
k
ρ
(i)
l,k
[k]
=
ρ
(2−i)
l,k′
[k′]
Φ(2−i,i)(u− 2)k′k , Ψ∗ (2−i,i)(u)l
′
l ρ
(i)
k,l = ρ
(2−i)
k,l′ Ψ
∗ (2−i,i)(u− 2)l′l , (2.47)
and the normalization conditions∑
k′∼k
Φ∗ (i,2−i)(u)kk′Φ
(2−i,i)(u)k
′
k = 1, Ψ
(i,2−i)(u′)l
′′
l′ Ψ
∗ (2−i,i)(u)l
′
l =
δl
′′
l
1− x−2z/z′ +O(1). (2.48)
Here, z = x2u, z′ = x2u
′
and the dual vertex operators Φ∗(u)kk′ and Ψ
∗(u)l
′
l will be defined in section 3.
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2.4 Vertex-face correspondence
Baxter [14, 15, 16] introduced the intertwining vectors which relate the eight-vertex model and the SOS
model. Let
τ(u)kk±1 =
∑
ε=±
vετ
ε(u)kk±1 =
f(u)√
2
h(2r)3 (k ∓ u)
h
(2r)
4 (k ∓ u)
 , (2.49)
where the scalar function f(u) satisfies
h1(u)f(u)f(u− 1) = 1.
Then the following relation holds: (cf. Figure 1)
R(u1 − u2)τ(u1)da ⊗ τ(u2)cd =
∑
b
τ(u1)
c
b ⊗ τ(u2)baW
 c d
b a
∣∣∣∣∣∣u1 − u2
 . (2.50)
✛
✻✛ <u1
∨
❄
u2
c
a
d
=
∑
b ✛
✻✻
✛
<✛u1
∨
❄
u2
dc
ab
Figure 1. Picture representation of vertex-face correspondence.
Note that the present intertwining vectors are different from the ones used in [14, 15, 16], which
relate the R-matrix of eight-vertex model in the disordered phase and Boltzmann weightsW of the SOS
model in the regime III.
Let us introduce the dual intertwining vectors (see Figure 2) satisfying∑
ε=±
τ∗ε (u)
k′
k τ
ε(u)kk′′ = δ
k′
k′′ ,
∑
k′=k±1
τε(u)kk′τ
∗
ε′ (u)
k′
k = δ
ε
ε′ . (2.51)
∑
ε=±
k′k
∧✛
k′′k✛
ε
∨
❄
u
= δk
′′
k′ ,
∑
k′=k±1
k k′✛ ∧∨
ε′
❄ε
u
= δε
′
ε .
Figure 2. Picture representation of the dual intertwining vectors.
From (2.50) and (2.51), we have (cf. Figure 3)
τ∗(u1)bc ⊗ τ∗(u2)abR(u1 − u2) =
∑
d
W
 c d
b a
∣∣∣∣∣∣ u1 − u2
 τ∗(u1)ad ⊗ τ∗(u2)dc . (2.52)
✛
✻
>✛u1
∧
❄
u2
c
ab
=
∑
d ✛
✻✻
✛
>✛u1
∧
❄
u2
dc
ab
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Figure 3. Vertex-face correspondence by dual intertwining vectors.
Intertwining vectors which relate the twenty-one-vertex model and the 2× 2 fusion SOS model can
be constructed by fusion procedure. In what follows let us denote these vectors for the fusion models by
t(u)k
′
k and t
∗(u)k
′
k . The explicit expressions of these fused intertwining vectors are given in Appendix A.
Let
t′′∗(u)l
′
l := t
∗(u; ǫ, r − 2)l′l . (2.53)
Then we have
R(1,1)(u1 − u2)t(u1)da ⊗ t(u2)cd =
∑
b
t(u1)
c
b ⊗ t(u2)baW22
 c d
b a
∣∣∣∣∣∣u1 − u2
 . (2.54)
and
t′′∗(u1)bc ⊗ t′′∗(u2)abS(1,1)(u1 − u2) =
∑
d
W ′′22
 c d
b a
∣∣∣∣∣∣u1 − u2
 t′′∗(u1)ad ⊗ t′′∗(u2)dc . (2.55)
Let us introduce the following symbol
L
 a′0 a′1
a0 a1
∣∣∣∣∣∣ u0
 := 1∑
j=−1
t∗j (−u0)a1a0tj(−u0)
a′0
a′1
. (2.56)
Then form (A.7)
L
 a0 a′1
a0 a1
∣∣∣∣∣∣u0
 = δa′1a1 . (2.57)
The explicit expressions of L are given in Appendix A.
Assume that 0 < ℜ(u0) < 2. Then it follows from (A.4) and (A.6) that for i = 0, 1, 2,
|t∗i−1(−u0)l+2−il+i ti−1(−u0)l+il+2−i| ∼ 1 (x→ 0) (2.58)
is much greater than other products t∗j−1(−u0)l+2−il+i tj−1(−u0)l+il+2−i (j 6= i), in the low temperature
limit. Thus, the boundary condition H(i) of the twenty-one-vertex model (2.10) corresponds to that of
H(i)l,k of the 2× 2 fusion SOS model (2.30).
2.5 Tail operators and commutation relations
Tail operators were originally introduced in [3, 5], in order to translate correlation functions of the
eight-vertex model into those of SOS model. Tail operators for higher spin case were constructed in [6],
and those for higher rank case were constructed in [8, 9].
Let us introduce the intertwining operators between H(i) and H(i)l,k:
T (u0)
lk =
∞∏
j=1
tsj (−u0)kj−1kj : H(i) → H
(i)
l,k,
T (u0)lk =
∞∏
j=1
t∗sj (−u0)
kj
kj−1
: H(i)l,k → H(i).
(2.59)
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From (A.5) and (A.8) the following intertwining relations hold:
T (u0)
lk′Φj(u) =
∑
k
tj(u− u0)k
′
k Φ(u)
k′
k T (u)
lk, (2.60)
T (u0)lk′Φ(u)
k′
k =
1∑
j=−1
t∗j (u− u0)kk′Φj(u)T (u0)lk. (2.61)
Tail operator is defined by the product of these two objects (see Figure 4):
Λ(u0)
l′k′
lk = T (u0)
l′k′T (u0)lk : H(i)l,k → H(i)l′k′ . (2.62)
Λ(u0)
l′k′
lk =
✛✛✛
✛✛✛
✛
✛
✛
✛
✛
✛
k k1 k2 k3
k′ k′1 k
′
2 k
′
3
l1 l2 l1 l2
l′1 l
′
2 l
′
1 l
′
2
∧
∨
❄−u0
∧
∨
∧
∨
∧
∨
∧
∨
∧
∨
Figure 4. Tail operator Λ(u0)
l′k′
lk . The upper (resp. lower) half stands for T (u0)
l′k′ (resp. T (u0)lk).
Here, l1 = l+ i, l2 = l + 2− i, l′1 = l′ + i and l′2 = l′ + 2− i.
From (2.60), (2.61) and (2.62), we have
Λ(u0)
l′c
lb Φ(u)
b
a =
∑
d∼c
L
 c d
b a
∣∣∣∣∣∣ u0 − u
Φ(u)cdΛ(u0)l′dla . (2.63)
Furthermore, consider the algebra
Ψ∗j (u)T (u0)lk′ =
∑
l′∼l
T (u0)l′kΨ
∗(u)l
′
l t
∗′′
j (u− u0 −∆u0)ll′ , (2.64)
Ψ∗(u)l
′
l T (u0)
lk =
∑
k
T (u)l
′kΨ∗j (u)t
′′j(u− u0 −∆u0)l
′
l . (2.65)
This algebra is consistent with (2.60–2.61) for any value of ∆u0. The value of ∆u0 will be fixed in the
next section. From (2.64), (2.65) and (2.62), we have
Ψ∗(u)l
′′
l′ Λ(u0)
l′ k′
l k =
∑
l1
L′′
 l′′ l′
l1 l
∣∣∣∣∣∣u0 +∆u− u
Λ(u0)l′′ k′l1 k Ψ∗(u)l1l . (2.66)
In what follows we suppress l-dependence to denote Λ(u0)
lk′
lk by Λ(u0)
k′
k . From (2.59), (2.62) and
(2.56) we have
Λ(u0)
l′k′
lk =
∞∏
j=0
L
 k′j k′j+1
kj kj+1
∣∣∣∣∣∣u0
 . (2.67)
It is obvious from (2.57), we have
Λ(u0)
l′k
lk = δ
l′
l . (2.68)
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The relation (2.41) implies that
trH(i) (ρ
(i)) =
1
[l]′′
∑
k∈l+i+2Z
trH(i)
l,k
(ρ
(i)
l,k). (2.69)
Insert unity (2.68) into the RHS of (2.69). Then we have
trH(i) (ρ(i)) =
∑
k∈l+i+2Z
trH(i)
l,k
(
ρ
(i)
l,k
[l]′′
T (u0)
lkT (u)lk
)
=
∑
k∈l+i+2Z
trH(i)
(
T (u)lk
ρ
(i)
l,k
[l]′′
T (u0)
lk
)
.
(2.70)
Thus in what follows we assume that
ρ(i) =
∑
k∈l+i+2Z
T (u)lk
ρ
(i)
l,k
[l]′′
T (u)lk. (2.71)
3 Free filed realization
One of the most standard ways to calculate correlation functions and form factors is the vertex operator
approach [2] on the basis of free field representation. The face type elliptic quantum group Bq,λ(ŝl2) was
introduced in [24]. The elliptic algebra Uq,p(ŝl2) associated with fusion SOS models was defined in [25],
and its free field representations were constructed in [25, 26]. Using these representations we derive the
free field representation of the tail operator in this section.
3.1 Bosons and fermions
Let us consider the bosons βm (m ∈ Z\{0}) with the commutation relations
[βm, βm′ ] = m
[r′′m]x
[rm]x
δm+m′,0. (3.1)
Here the symbol [a]x stands for (x
a − x−a)/(x − x−1). The relation between the present βm and the
bosons am in [6] is as follows:
βm =

m[r′′m]x
[2m]x[rm]x
am (m > 0)
mx−2m
[2m]x
am (m < 0)
(3.2)
We will deal with the bosonic Fock spaces F (i)l,k , (l, k ∈ Z) generated by β−m(m > 0) and eα, eβ over
the vacuum vectors |l, k〉 :
F (i)l,k = C[β−1, β−2, · · · ]⊗
(⊕n∈ZCeλi+nα+mβ) |l, k〉,
where
βm|l, k〉 = 0 (m > 0),
e±α|l, k〉 = |l, k ± 2〉,
e±β|l, k〉 = |l ± 2, k〉.
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Let K and L be the operators which act diagonally on F (i)l,k :
K|l, k〉 = k|l, k〉, L|l, k〉 = l|l, k〉.
Furthermore, let us consider the fermions
φ(w) =
∑
m
φmw
−m (3.3)
with the anticommutation relations
[φm, φm′ ]+ = δm+m′,0
x2m + x−2m
x+ x−1
. (3.4)
We refer to φm’s for m ∈ Z+ 12 as Neveu-Schwarz fermions, and φm’s for m ∈ Z as Ramond fermions.
Let
Fφ =
 C[φ− 12 , φ− 32 , · · · ] (for i = 0, 2)C[φ−1, φ−2, · · · ] (for i = 1)
be the fermionic Fock space.
Note that the following anticommutation relation holds:
[φ(w1), φ(w2)]+ =
1
x+ x−1
(
δ
(
x2w2
w1
)
+ δ
(
x2w1
w2
))
. (3.5)
Here we use φ20 = 1/(x+ x
−1) for Ramond fermion sector.
The total space of states H(i)l,k is isomorphic to
H(i)l,k = F (i)l,k ⊗Fφ. (3.6)
3.2 Free field realization of type I vertex operators
Let us introduce the following basic operators
Φ1(u) = z
r′′
2r : exp
−∑
m 6=0
βm
m
z−m
 : eαz− 12L+ r′′2r K ,
A(v) = w
r′′
2r : exp
∑
m 6=0
βm
m
w−m
 : e−αw 12L− r′′2r Kφ(w), (3.7)
where z = x2u, w = x2v. As for some useful OPE formulae and commutation relations, see Appendix
B.
Then the type I vertex operators (half transfer matrices) on H(i)l,k can be realized in terms of bosons
and fermions:
Φ(u)k+2k =
[1]
[k][k + 1]
Φ1(u),
Φ(u)kk =
[2]
[k − 1][k + 1]Φ1(u)X(u),
Φ(u)k−2k =
[1]
[k][k − 1]Φ1(u)X(u)
2,
(3.8)
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where
X(u) =
∮
C
dw
2π
√−1wA(v)
[v − u−K]
[v − u− 1] (3.9)
Considering the denominators [v− u− 1]’s together with the OPE formulae (B.2), the expressions (3.8)
has poles at w = x±(2+2nr)z (n ∈ Z>0). The integral contour C for w-integration is the anti-clockwise
circle such that all integral variables lie in the common convergence domain; i.e., the contour C encircles
the poles at w = x2+2nrz (n ∈ Z>0), but not the poles at w = x−2−2nrz (n ∈ Z>0).
Let
Y (u) = −
∮
C
dw
2π
√−1wA(v)
[v − u+ 2−K]
[v − u+ 1] . (3.10)
Then we can rewrite (3.8) as follows:
Φ(u)k+2k =
[1]
[k][k + 1]
Φ1(u),
Φ(u)kk =
[2]
[k − 1][k + 1]Y (u)Φ1(u),
Φ(u)k−2k =
[1]
[k][k − 1]Y (u)
2Φ1(u).
(3.11)
Note that
Φ(u)k
′
k : H(i)l,k −→ H(2−i)l,k′ . (3.12)
These type I vertex operators satisfy the following commutation relations on H(i)l,k:
Φ(u1)
c
bΦ(u2)
b
a =
∑
d
W22
 c d
b a
∣∣∣∣∣∣ u1 − u2
Φ(u2)cdΦ(u1)da. (3.13)
Dual vertex operators are likewise defined as follows:
Φ∗(u)kk−2 =
1
λ
Φ1(u− 1),
Φ∗(u)kk =
1
λ
Φ1(u− 1)X(u− 1),
Φ∗(u)kk+2 =
1
λ
Φ1(u− 1)X(u− 1)2.
(3.14)
Here the normalization factor can be determined as
λ =
(x2r
′
;x2r)2∞
(x+ x−1)(x2;x2r)2∞(x2r;x2r)3∞
,
such that Φ(u)k
′
k and Φ
∗(u)kk′ satisfy the inversion relation:∑
k′∼k
Φ∗(u)kk′Φ(u)
k′
k = 1. (3.15)
As explained below (3.9), the integral contour C = Cu actually depends on u. On eqs. (3.14) the
w-integration contour Cu−1 of X(u − 1) encircles the poles at w = x2nrz (n ∈ Z>0), but not the poles
at w = x−4−2nrz (n ∈ Z>0). Note that
Φ∗(u)kk′ : H(i)l,k′ −→ H(2−i)l,k . (3.16)
A level 2 representation of the elliptic algebra Ux,p(ŝl2) was obtained in terms of one free boson and one
free fermion in [27, 28].
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3.3 Free field realization of type II vertex operators
Let us introduce the following basic operators
Ψ∗1(u) = z
r
2r′′ : exp
∑
m 6=0
[rm]x
[r′′m]x
βm
m
z−m
 : eβz r2r′′ L− 12K , (3.17)
B(v) = w
r
2r′′ : exp
−∑
m 6=0
[rm]x
[r′′m]x
βm
m
w−m
 : e−βw− r2r′′ L+ 12Kφ(w),
X∗(u) =
∮
C′
dw
2π
√−1wB(v)
[v − u+ L]′′
[v − u+ 1]′′
Y ∗(u) = −
∮
C′
dw
2π
√−1wB(v)
[v − u+ L− 2]′′
[v − u− 1]′′
(3.18)
The integral contour C′ for X∗(u) encircles the poles at w = x−2+2nrz (n ∈ Z>0), but not the poles at
w = x2−2nrz (n ∈ Z>0).
Then the type II vertex operators on H(i)l,k can be realized in terms of bosons and fermions:
Ψ∗(u)l+2l = Ψ
∗
1(u),
Ψ∗(u)ll = Ψ
∗
1(u)X
∗(u) = Y ∗(u)Ψ∗1(u),
Ψ∗(u)l−2l = Ψ
∗
1(u)X
∗(u)2 = Y ∗(u)2Ψ∗1(u),
(3.19)
where z = x2u, w = x2v. As for some useful OPE formulae and commutation relations, see Appendix
B.
Note that
Ψ∗(u)l
′
l : H(i)l,k −→ H(2−i)l′,k . (3.20)
These type II vertex operators satisfy the following commutation relations on H(i)l,k:
Ψ∗(u2)cdΨ
∗(u1)da =
∑
b
W ′′22
 c d
b a
∣∣∣∣∣∣ u1 − u2
Ψ∗(u1)cbΨ∗(u2)ba. (3.21)
Dual vertex operators are likewise defined as follows:
Ψ(u)l+2l =
1
λ∗
[1]′′
[l]′′[l + 1]′′
Ψ∗1(u− 1),
Ψ(u)ll =
1
λ∗
[2]′′
[l − 1]′′[l + 1]′′Ψ
∗
1(u− 1)X∗(u− 1),
Ψ(u)l−2l =
1
λ∗
[1]′′
[l]′′[l − 1]′′Ψ
∗
1(u− 1)X∗(u− 1)2.
(3.22)
Here the normalization factor can be determined as
λ∗ = − (x
2r′ ;x2r
′′
)∞(x2r;x2r
′′
)∞
(x+ x−1)(x−2;x2r′′)∞(x2r
′′ ;x2r′′)4∞
,
such that Ψ(u)l
′
l and Ψ
∗(u)ll′ satisfy the inversion relation:
Ψ(u′)l
′
l Ψ
∗(u)ll′′ =
δl
′
l′′
1− x−2z/z′ +O(1). (3.23)
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For later convenience, we also introduce another type of basic operator:
W (v) = w
2
rr′′ : exp
−∑
m 6=0
[2m]x
[r′′m]x
βm
m
w−m
 : e−α−βwKr − Lr′′ . (3.24)
Concerning useful OPE formulae and commutation relations, see Appendix B.
3.4 Free field realization of tail operators – diagonal sectors
Another ingredient of the present scheme is the tail operators Λ(u0)
l′k′
lk . In this paper we use a different
normalization from the one used in [6]. Thus we briefly explain how to derive free field representations
of Λ(u0)
l′k′
lk .
First let l′ = l, that is diagonal with respect to the ground state sectors. When k′ 6 k − 2, let us
consider (2.63) for (a, b, c) = (k, k + 2, k′):
Λ(u0)
k′
k+2Φ(u)
k+2
k =
∑
k′′∼k′
L
 k′ k′′
k + 2 k
∣∣∣∣∣∣ u0 − u
Φ(u)k′k′′Λ(u0)k′′k . (3.25)
Here, we briefly denote Λ(u0)
lk′
lk by Λ(u0)
k′
k . It follows from (A.9) that L(u0 − u) has simple poles at
u0 − u = ± 12 . Note that
[u0 − u+ 12 ]L
 k′ k′′
k k − 2
∣∣∣∣∣∣ u0 − u
∣∣∣∣∣∣
u0=u− 12
for k′′ = k′, k′ ± 2 are all equal. Thus if we assume that the LHS of (3.25) has no pole at u0 = u − 12 ,
we have the following necessary conditions:∑
k′′∼k′
Φ(u)k
′
k′′Λ(u− 12 )k
′′
k = 0, (3.26)
i.e.,
[1]Φ1(u)Λ(u− 12 )k
′−2
k
[k′ − 2][k′ − 1] +
[2]Φ1(u)X(u)Λ(u− 12 )k
′
k
[k′ + 1][k′ − 1] +
[1]Φ1(u)X(u)
2Λ(u− 12 )k
′+2
k
[k′ + 1][k′ + 2]
= 0. (3.27)
Let k′ = k−2. Then the LHS of (3.27) contains Λ(u− 12 )kk = 1. By changing k′ = k−2, k−4, k−6, · · · ,
we can solve (3.27) iteratively as follows:
Λ(u0)
k−2s
k = (−X(u0 + 12 ))s
[s+ 1][k − 2s][k − s+ 1]
[1][k][k + 1]
. (3.28)
Here we use the identity:
[1][s+ 1][k − s+ 1]
[k − 2s− 1] −
[2][s+ 2][k − 2s− 2][k − s]
[k − 2s− 1][k − 2s− 3] +
[1][s+ 3][k − s− 1]
[k − 2s− 3] = 0.
Furthermore, we can check that (3.28) for generic u0 satisfies (3.25).
Eq. (3.28) is expressions of Λ(u0)
k′
k for k
′ 6 k. When k′ > k, we should realize another free field
representation ofH(i)l,k on the Fock space F (i)−l,−k⊗Fφ. Then Λ(u0)k+2sk can be identified with Λ(u0)−k−2s−k ,
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in addition to the identification Φ(u)k
′
k and Φ
∗(u)k
′
k with Φ(u)
−k′
−k and Φ
∗(u)−k
′
−k , respectively. Note that
the expression (3.28) was obtained in [6] for general spin K/2 (K ×K-fused) SOS model.
Correlation functions in the twenty-one-vertex model can be constructed in terms of type I vertex
operators of fusion SOS model and tail operators as follows:
1
χ(i)
trH(i)(Φ∗j1 (u1) · · ·Φ∗jn(un)Φjn(un) · · ·Φj1(u1)ρ(i))
=
1
χ(i)
∑
k∈l+i+2Z
trH(i)
l,k
(
T (u0)
lkΦ∗j1(u1) · · ·Φ∗jn(un)Φjn(un) · · ·Φj1(u1)T (u0)lk
ρ(l,k)
[l]′′
)
=
1
χ(i)
∑
k,k1,··· ,k2n
t∗j1(u1 − u0)kk2n · · · t∗jn(un − u0)
kn+2
kn+1
tjn(un − u0)kn+1kn · · · tj1(u1 − u0)k2k1
× trH(i)
l,k
(
Φ∗(u1)kk2n · · ·Φ∗(un)
kn+2
kn+1
Φ(un)
kn+1
kn
· · ·Φ(u1)k2k1Λ(u0)k1k
ρ(l,k)
[l]′′
)
(3.29)
Here, the sum on the third line is taken over
{k, k2n, · · · , k1|k1 ∼ k2, · · · , k2n ∼ k; k ∈ l + i+ 2Z},
and we use (2.60), (2.61), (2.71) and (2.62).
3.5 Free field realization of tail operators – off-diagonal sectors
In this subsection let us consider the tail operators for Λ(u0)
l′k′
lk with l
′ 6= l, that is off-diagonal with
respect to the ground state sectors.
Let k′ = k. Then we have l′ = l from (2.68). Let k′ < k (resp. k′ > k) and k′ ≡ k (mod 2). Then
we have
Λ(u0)
l′k′
lk = 0, (3.30)
unless l′ ≦ l (resp. l′ ≧ l). Actually, if Λ(u0)l
′k′
lk 6= 0 for e.g., k′ < k and l′ > l, there must exist a
number j such that k′j = kj and therefore k
′
m = km for ∀m ≧ j which implies l′ = l from (2.68).
Let k′ < k and l′ = l on (2.66). Firstly let l′′ = l + 2. Then eq. (2.66) reduces to
Ψ∗(u)l+2l Λ(u0)
lk′
lk = Λ(u0)
l+2 k′
l+2 k Ψ
∗(u)l+2l . (3.31)
This relation holds from (3.28).
Secondly let l′′ = l. Then eq. (2.66) reduces to
[Ψ∗(u)ll,Λ(u0)
lk′
lk ] = Λ(u0)
l k′
l+2 kΨ
∗(u)l+2l L
′′
 l l
l + 2 l
∣∣∣∣∣∣ u0 +∆u− u
 . (3.32)
Since Ψ∗(u)ll = Y (u)Ψ
∗(u)l+2l and (3.31), eq. (3.32) implies
[Y (u),Λ(u0)
lk′
lk ] = Λ(u0)
l k′
l+2 k
[1]′′[u0 +∆u− u+ l + 12 ]′′
[l + 2]′′[u0 +∆u− u− 12 ]′′
. (3.33)
Thus we find ∆u = 0 and
Λ(u0)
l−2 k−2s
lk =
[l]′′
[1]′′
[s][s+ 1][k − s+ 1][k − s][k − 2s]
∂[0][1]2[k][k + 1]
× W−(u0)(−X(u0 − 12 ))s−1.
(3.34)
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Here ∂[0] = (x2r ;x2r)2∞, and
W−(u0) =W
(
u0 − r−32
)
. (3.35)
Thirdly let l′′ = l − 2. Then eq. (2.66) reduces to
[Ψ∗(u)l−2l ,Λ(u0)
k′
k ] = Λ(u0)
l−2 k′
l k Ψ
∗(u)l+2l L
′′
 l − 2 l
l l
∣∣∣∣∣∣u0 − u

+ Λ(u0)
l−2 k′
l+2 k Ψ
∗(u)l+2l L
′′
 l − 2 l
l + 2 l
∣∣∣∣∣∣u0 − u
 .
(3.36)
By solving (3.36) we find
Λ(u0)
l−4 k−2s
lk =
[l]′′
[1]′′
[s][s+ 1][k − s+ 1][k − s][k − 2s]
∂[0][1]2[k][k + 1]
× X∗(u0 + 12 )W−(u0)(−X(u0 − 12 ))s−1.
(3.37)
In general we obtain
Λ(u0)
l−2t k−2s
lk =
[l]′′
[1]′′
[s][s+ 1][k − s+ 1][k − s][k − 2s]
∂[0][1]2[k][k + 1]
× X∗(u0 + 12 )t−1W−(u0)(−X(u0 − 12 ))s−1.
(3.38)
Concerning details of derivation, see Appendix C.
Eq. (3.38) is valid for k < k and l′ < l. When k′ > k and l′ > l, we should construct the
free field representation of Λ(u0)
l′k′
lk on another realization of H(i)l,k on the Fock space F (i)−l,−k ⊗ Fφ.
Then Λ(u0)
l+2t k+2s
l k can be identified with Λ(u0)
−l−2t−k−2s
−l−k , in addition to the identification Φ(u)
k′
k and
Ψ∗(u)l
′
l with Φ(u)
−k′
−k and Ψ
∗(u)−l
′
−l , respectively.
3.6 Free field realization of CTM Hamiltonian
We can realize the CTM Hamiltonian of 2× 2 fusion SOS model in terms free fields as follows:
H
(i)
l,k = H
(l,k)
a +H
(i)
φ , (3.39)
where
1
2
H
(l,k)
a =
∞∑
m=1
[rm]x
[r′′m]x
β−mβm +
1
4
(
r
2r′′
L2 −KL+ r
′′
2r
K2
)
,
1
2
H
(i)
φ =
∑
n>0
n
x+ x−1
x2n + x−2n
φ−nφn +
i(2− i)
8
.
(3.40)
Let us examine the validity of these expressions. First of all, (3.39) satisfies the homogeneity relation
Φ(2−i,i)(u)k
′
k x
2H
(i)
l,k = x
2H
(2−i)
l,k′ Φ(2−i,i)(u−2)k′k , Ψ∗ (2−i,i)(u)l
′
l x
2H
(i)
l,k = x
2H
(2−i)
l′,k Ψ∗ (2−i,i)(u−2)l′l . (3.41)
Secondly, the traces on the bosonic/fermionic Fock space are given as follows:
trF(i)
l,k
(
x2H
(l,k)
a
)
trFφ
(
x2H
(i)
φ
)
= x
r
2r′′ l
2−kl+ r
′′
2r k
2 ×
 cλiλ2 + cλiλ0 (i = 0, 2)cλ1λ1 (i = 1) (3.42)
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which implies (2.69). From these checks we conclude that H(i)l,k = F (i)l,k ⊗Fφ and ρ(i)l,k = [k]x2H
(i)
l,k .
The fermionic trace formulae are given as follows [11]:
F (i)(w1, w2) := trFφ
(
: φ(w1)φ(w2) : x
2H
(i)
φ
)
=

(−x2;x4)∞
x+ x−1
∑
m>0
{(
x2w1
w2
)m
−
(
x2w2
w1
)m}
(i = 0, 2)
x1/2(−x4;x4)∞
x+ x−1
∑
m>0
{(
x2w1
w2
)m
−
(
x2w2
w1
)m}
(i = 1)
(3.43)
4 Form factors
4.1 Integral formulae
We are now in a position to write down integral formulae for form factors, matrix elements of some local
operators. For simplicity, let us choose Sz1 at the center site of the lattice as a local operator:
Sz1 =
j∑
j=−1
jE
(1)
jj (4.1)
The free field representation of Sz is given by
Sˆz1 =
j∑
j=−1
jΦ∗j (u)Φ
j(u). (4.2)
The corresponding form factors with m ‘charged’ particles:
F (i)m (S
z
1 ;u1, · · · , um)j1···jm =
1
χ(i)
TrH(i)
(
Ψ∗j1(u1) · · ·Ψ∗jm(um)Sˆz1ρ(i)
)
. (4.3)
Note that the local operator (4.1) commute with the type II vertex operators because of (4.2) and
(B.11–B.15).
From the construction in Sec. 3, we can rewrite (4.3) as follows:
F
(i)
m (Sz1 ;u1, · · · , um)j1···jm
=
∑
l1,··· ,lm
t′′∗j1 (u1 − u0) l1l · · · t′′∗jm (um − u0) lmlm−1F (i)m (Sz1 ;u1, · · · , um)ll1···lm ,
(4.4)
where
F
(i)
m (Sz1 ;u1, · · · , um)ll1···lm
=
1
χ(i)
∑
k≡l+i (2)
∑
k1k2
1∑
j=−1
jt∗j (u− u0)kk1tj(u− u0)k1k2
× TrH(i)
l,k
(
Ψ∗(u1)ll1 · · ·Ψ∗(um)
lm−1
lm
Φ∗(u)kk1Φ(u)
k1
k2
Λ(u0)
lmk2
l k
[k]x2H
(i)
l,k
[l]′′
)
.
(4.5)
Note that eq. (4.4) can be inverted as follows:
F
(i)
m (Sz1 ;u1, · · · , um)ll1···lm
=
∑
j1,··· ,jm
t′′j1 (u1 − u0) ll1 · · · t′′jm (um − u0)
lm−1
lm
F (i)m (S
z
1 ;u1, · · · , um)j1···jm . (4.6)
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Free filed representations of the tail operators Λ(u)l
′ k′
l k ’s have been constructed in section 3, besides
those of all other operators Φ(u)k
′
k , Φ
∗(u)k
′
k , Ψ
∗(uj)l
′
l ’s and H
(i)
l,k on (4.5) were also given in section 3.
Integral formulae for form factors of any local operators can be therefore obtained for form factors of
spin 1 analogue of the eight-vertex model, in principle.
4.2 Calculation of two-point form factors
It is very difficult to obtain general integral formulae (4.4), as Lashkevich said in [5]. In order to show
the relevance of the present scheme, we calculate the simplest form factor of the local operator Sz1 in
this subsection.
Let us consider (4.5) for i = 2, m = 2, l1 = l − 2 and l2 = l − 4. Since l2 < l, the tail operator
Λ(u0)
l2k2
l k vanishes unless k2 < k. Thus, the sum with respect to k1 and k2 should be taken over
(k1, k2) = (k − 2, k − 4), (k − 2, k − 2), (k, k − 2). We notice that the form factors (4.4) in the twenty-
one-vertex model should be u0-independent. For simplicity of calculation, let u0 → u − 32 . By taking
the sum with respect to j = ±1 and (k1, k2) we have
F
(2)
2 (S
z
1 ;u1, u2)l l−2 l−4
=
1
2χ(2)λ
{0}[2][u− u0 − 52 ]
[1]′′∂[0][u− u0 − 12 ][u− u0 + 12 ]
∑
k≡l (2)
{k + u− u0 − 32}
[k + 1]
×
∮
C′
dw2
2π
√−1w2
[v2 − u0 − 52 + l]′′
[v2 − u0 + 12 ]′′
∮
C
dw1
2π
√−1w1
[v1 − u− k][v1 − u0 + 12 ]
[v1 − u][v1 − u0 − 52 ]
× T (u1, u2, u, u0, v1, v2),
(4.7)
where T (u1, u2, u, u0, v1, v2) is a trace function
T (u1, u2, u, u0, v1, v2) = TrH(2)
l,k
(
Ψ∗1(u1)Ψ
∗
1(u2)Φ1(u− 1)Φ1(u)A(v1)B(v2)W−(u0)x2H
(2)
l,k
)
. (4.8)
Here, the integral contour C encircles the poles at x2rnz and x1+2rnz0 (n > 0) but not x
−2−2rnz nor
x5−2r(n+1)z0 (n > 0); the integral contour C′ encircles the poles at x−1+2r
′′nz0 (n > 0).
From the expression of the fermionic trace (3.43) the integral with respect to w1 can be performed
as follows:
F
(2)
2 (S
z
1 ;u1, u2)l l−2 l−4
=
1
2χ(2)λ
{0}[2][u− u0 − 52 ]
[1]′′∂[0][u− u0 − 12 ][u− u0 + 12 ]
∑
k≡l (2)
{k + u− u0 − 32}
[k + 1]
×
(∮
x−r′′C′
dw2
2π
√−1w2
−
∮
xr′′C′
dw2
2π
√−1w2
)
G(v2)
× TrF(2)
l,k
(
Ψ∗1(u1)Ψ
∗
1(u2)Φ1(u− 1)Φ1(u)W (v2)W−(u0)x2H
(l,k)
a
)
,
(4.9)
where
G(v2) =
(−x2;x4)∞
x−2 − x2
[v2 − u0 + r−72 + l]′′
[v2 − u0 + r−12 ]′′
[v2 − u+ r2 − k][v2 − u0 + r+12 ]
[v2 − u+ r2 ][v2 − u0 + r−52 ]
.
Thus, the difference of the two integrals with respect to w2 on (4.9) can be evaluated by the residue at
w2 = x
−rz and w2 = x1−rz02. The former residue vanishes because of Φ1(u−1)W (v2) = 0 at v2 = u− r2 .
2Note that the contour x−r
′′
C′ does not encircle the point w2 = x5−rz0.
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Hence we have
F
(2)
2 (S
z
1 ;u1, u2)l l−2 l−4
=
1
2χ(2)λ
{0}[u− u0 − 52 ][l − 3]′′
[1]′′∂[0]∂[0]′′[u− u0 − 12 ][u− u0 + 12 ]
∑
k≡l (2)
{k + u− u0 − 32}
× (−x
2;x4)∞
x−2 − x2 TrF(2)l,k
(
Ψ∗1(u1)Ψ
∗
1(u2)Φ1(u− 1)Φ1(u)W−(u0 − 1)W−(u0)x2H
(l,k)
a
)
,
(4.10)
where ∂[0]′′ = (x2r
′′
;x2r
′′
)∞.
By using OPE formulae in Appendix B and the method of trace calculation explained in [2], we
obtain
F
(2)
2 (S
z
1 ;u1, u2)l l−2 l−4 = cx
−7− 11r′′ z
− r2r′′
1 z
− 3r2r′′
2 z
2r
r′′
× [l − 3]′′
∑
k≡l (2)
{k}x(u1+u2−2u0)(
r
r′′ l−k)x
rl2
2r′′−kl+
r′′k2
2r
× (x−2z2/z1;x2r′′)∞(x2r′z1/z2;x2r′′)∞(x2z2/z1;x4)∞(x2z1/z2;x4)∞
×
2∏
j=1
f∗(uj − u0)
(x−2z/zj;x2)∞(x4zj/z;x2)∞
,
(4.11)
where
c =
(x2;x2)2∞(x
2;x4)2∞
(−x4;x4)2∞(x4;x4)∞
(−x2r;x2r)2∞
(x2r;x2r)2∞
(x2r
′
;x2r
′′
)3∞
(x2r′′−2;x2r′′)∞(x2r
′′ ;x2r′′)2∞
,
and
f∗(u) =
1
(x−1z−1;x2r′′)∞(x2r−3z;x2r
′′)∞(x−3z−1;x2r
′′)∞(x2r−1z;x2r
′′)∞
. (4.12)
By substituting ∑
k≡l (2)
{k}x(u1+u2−2u0)( rr′′ l−k)x rl
2
2r′′−kl+
r′′k2
2r
= x−
1
r′′ (u1+u2−2u0)
2+u1+u2−2u0{l+ u1 + u2 − 2u0}′′{2u0 − u1 − u2}2.
into (4.11), we get
F
(2)
2 (S
z
1 ;u1, u2)l l−2 l−4 =
πx−r
′′/2
2ǫr′′
c(u1, u2, u){u1 + u2 − 2u0}2
×
{
h
(2r′′)
1 (2l + u1 + u2 − 2u0 − 3)h(2r
′′)
2 (u1 + u2 − 2u0 + 3)
− h(2r′′)2 (2l + u1 + u2 − 2u0 − 3)h(2r
′′)
1 (u1 + u2 − 2u0 + 3)
}
.
(4.13)
where
c(u1, u2, u) = cx
−7− 11r′′ z
− r2r′′
1 z
− 3r2r′′
2 z
2r
r′′
× (x−2z2/z1;x2r′′)∞(x2r′z1/z2;x2r′′)∞(x2z2/z1;x4)∞(x2z1/z2;x4)∞
× x−
1
r′′ (u1+u2−2u0)
2+u1+u2−2u0
2∏
j=1
f∗(uj − u0)
(x−2z/zj;x2)∞(x4zj/z;x2)∞
,
Note that
t′′1(u1 − u0)ll−2t′′−1(u2 − u0)l−2l−4 − t′′−1(u1 − u0)ll−2t′′1(u2 − u0)l−2l−4
=
h
(2r′′)
1 (2l+ u1 + u2 − 2u0 − 3)h(2r
′′)
1 (u2 − u1 − 2)h(2r
′′)
2 (0)h
(2r′′)
2 (2)
4h′′1(u1 − u0 + 12 )h′′1 (u2 − u0 + 12 )h′′1(u1 − u0 + 32 )h′′1 (u2 − u0 + 32 )
,
t′′1(u1 − u0)ll−2t′′1(u2 − u0)l−2l−4 − t′′−1(u1 − u0)ll−2t′′−1(u2 − u0)l−2l−4
=
h
(2r′′)
2 (2l+ u1 + u2 − 2u0 − 3)h(2r
′′)
2 (u2 − u1 − 2)h(2r
′′)
2 (0)h
(2r′′)
2 (2)
4h′′1(u1 − u0 + 12 )h′′1 (u2 − u0 + 12 )h′′1(u1 − u0 + 32 )h′′1 (u2 − u0 + 32 )
,
(4.14)
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where h′′j (u) := hj(u)|r 7→r−2 (j = 1, 2, 3, 4). Thus, eq. (4.13) can be reduced as follows:
F
(2)
2 (S
z
1 ;u1, u2)l l−2 l−4
=
[u1 − u0 + 12 ]′′[u2 − u0 + 12 ]′′[u1 − u0 + 32 ]′′[u2 − u0 + 32 ]′′
x−r′′/2[[1]]{{1}} c(u1, u2, u){u1 + u2 − 2u0}2
×
{(
t′′1(u1 − u0)ll−2t′′−1(u2 − u0)l−2l−4 − t′′−1(u1 − u0)ll−2t′′1(u2 − u0)l−2l−4
)
× h
(2r′′)
2 (u1 + u2 − 2u0 + 3)
h
(2r′′)
1 (u2 − u1 − 2)
− h
(2r′′)
1 (u1 + u2 − 2u0 + 3)
h
(2r′′)
2 (u2 − u1 − 2)
× (t′′1(u1 − u0)ll−2t′′1(u2 − u0)l−2l−4 − t′′−1(u1 − u0)ll−2t′′−1(u2 − u0)l−2l−4)} .
(4.15)
By comparing (4.15) and (4.6), we obtain
F
(2)
2 (S
z
1 ;u1, u2)±1,∓1 = ±d(u1, u2, u){u1 + u2 − 2u+ 3}2
h
(2r′′)
2 (u1 + u2 − 2u+ 6)
h
(2r′′)
1 (u2 − u1 − 2)
,
F
(2)
2 (S
z
1 ;u1, u2)±1,±1 = ∓d(u1, u2, u){u1 + u2 − 2u+ 3}2
h
(2r′′)
1 (u1 + u2 − 2u+ 6)
h
(2r′′)
2 (u2 − u1 − 2)
,
(4.16)
where
d(u1, u2, u) = c
(x2r
′′
;x2r
′′
)2∞
(x2r′′+2;x4r′′)∞(x2r
′′−2;x4r′′)∞
× x 1r′′ (u1−u2)2x r
′′
2 +6+
4
r′′ z
1
2+
r
2r′′
1 z
1
2−
r
2r′′
2 z
−1
× (x−2z2/z1;x2r′′)∞(x2r′z1/z2;x2r′′)∞(x2z2/z1;x4)∞(x2z1/z2;x4)∞
×
2∏
j=1
1
(x−2z/zj;x2)∞(x4zj/z;x2)∞
.
Note that non-zero components of F
(2)
2 (S
z
1 ;u1, u2) on (4.16) have poles at z2 = x
4z1, which is consistent
with the relation (2.26–2.27).
4.3 Trigonometric limit
Let us examine the trigonometric limit r → ∞. The trigonometric limit of the twenty-one-vertex
model, spin 1 analogue of the eight-vertex model, is called the nineteen-vertex model. The operator
algebra of the nineteen-vertex model can be constructed in terms of level 2 irreducible highest weight
representations of Uq(ŝl2). In what follows we use the same letters for both elliptic model and its
trigonometric limit model, e.g., S(u) denotes the S-matrix for both the twenty-one-vertex and the
nineteen-vertex model.
Unfortunately, we have no results for form factors of the nineteen-vertex model. Thus, let us ex-
amine Smirnov’s axioms [29], that form factors of integrable models should satisfy. Using the S-matrix
symmetry relation (2.22), the following relations should hold:
F
(2)
2 (S
z
1 ;u2, u1)±1,∓1 =
1∑
j=−1
F
(2)
2 (S
z
1 ;u1, u2)j,−jS(u1 − u2)j,−j∓1,±1 (4.17)
From (4.17), we have
F (2)2 (Sz1 ;u2, u1) = S(u1 − u2)F (2)2 (Sz1 ;u1, u2), (4.18)
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where
F (2)2 (Sz1 ;u1, u2) := F (2)2 (Sz1 ;u1, u2)1,−1 − F (2)2 (Sz1 ;u1, u2)−1,1,
and
S(u) := S(u)1,−1−1,1 − S(u)−1,1−1,1
→ − (xζ
−1 − x−1ζ)(x2ζ − x−2ζ−1)
(xζ − x−1ζ−1)(x2ζ−1 − x−2ζ) (r →∞).
Here, ζ = xu.
From (4.16), F
(2)
2 (S
z
1 ;u1, u2)±1,±1 → 0 in the limit r → ∞, which is consistent with the charge
conservation under Uq(ŝl2)-symmetry. On the other hand, after appropriate redefinition we have
F
(2)
2 (S
z
1 ;u1, u2)±1,∓1 ∼
±A(z1/z)(x−2z2/z1;x4)∞(x2z1/z2;x4)∞{u1 + u2 − 2u+ 3}2
(ζ1/ζ2 − ζ2/ζ1)(x2ζ1/ζ2 − x−2ζ2/ζ1)
×
2∏
j=1
1
(x−2z/zj;x2)∞(x4zj/z;x2)∞
, (r →∞)
(4.19)
where A is some constant and ζj = x
uj (j = 1, 2). Thus, our formula (4.19) satisfies the S-matrix
symmetry relation (4.18).
Furthermore, from the homogeneity relation (2.25), the following cyclicity relation should hold:
F
(2)
2 (S
z
1 ;u1 − 2, u2)j1,j2 = F (0)2 (Sz1 ;u2, u1)j2,j1 . (4.20)
From (4.20) we have
F (2)2 (Sz1 ;u1 − 2, u2) = F (2)2 (Sz1 ;u2, u1). (4.21)
Here we use the relation F
(0)
2 (S
z
1 ;u1, u2)j1,j2 = −F (2)2 (Sz1 ;u1, u2)j1,j2 . Note that our formula (4.19)
satisfies the cyclicity relation (4.21) when u = (u1 + u2 + 3)/2
3.
Hence we conclude that the trigonometric limit of the two-point form factors of the local operator
Sz1 (4.19) satisfy Smirnov’s axioms and therefore do an appropriate q-difference equations of level 0.
5 Concluding remarks
In this paper we have derived integral formulae for form factors of the twenty-one-vertex model. For
that purpose we constructed the free field representations of the type I vertex operators Φ(u)k
′
k and the
type II vertex operators Ψ∗(u)l
′
l in 2× 2 fusion SOS model, the tail operators Λ(u0)l
′k′
lk and the corner
transfer Hamiltonian H
(i)
l,k . Our integral formulae for form factors of S
z
1 are given by (4.4–4.5), which is
given in terms of the m-fold multiple integrals.
Our approach is based on some assumptions. We assumed that the vertex operator algebra (2.60–
2.61), (2.64–2.65) and (2.71) correctly describes the intertwining relations between the twenty-one vertex
model and 2×2 fusion SOS model. We also assumed that the free field representations (3.28), (3.38) and
(3.39–3.40) provide relevant representations of the vertex operator algebra. Using the present formalism,
we can obtain the integral formulae for any form factors of any local operators in the twenty-one-vertex
3 A similar specialization of the value of u was also needed for Lashkevich’s formula [5], the case of spin 1
2
model.
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model, in principle. However, as Lashkevich said in [5], it is very difficult to obtain general formulae
for form factors. In order to show the relevance of the present scheme, we calculated the simplest form
factor of the local operator Sz1 in subsection 4.2. We also show in subsection 4.3 that our form factor
formulae satisfy an appropriate q-difference equations of level 0 in the trigonometric limit.
Here we wish to refer to correlation functions in the twenty-one-vertex model. A correlation function
is a special example of form factors, however, it is not the simplest one. Let us recall (4.5). In order
to calculate the form factor/correlation function of the spin operator Sz1 , we have to perform the sum
with respect to k1 and k2, the state variables of the SOS model. There are only three non-zero terms
(k1, k2) = (k − 2, k− 4), (k − 2, k− 2), (k, k − 2) for calculation of two-pint form factors, whereas there
are 9(= 3× 3) non-zero terms4 for that of correlation functions. That is why we have calculated not the
correlation functions but the two-pint form factors of the spin operator Sz1 as examples.
We expect to find appropriate Smirnov’s axiomatic structures [29], S-matrix symmetry, cyclicity,
and annihilation pole condition besides some analytic properties, on form factors (4.4–4.5). For that
purpose, we should construct multi-point form factors. We wish to address this issue in a separate
paper.
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A Appendix A Definitions of the models concerned
A.1 R-matrix of the spin 1 analogue of the eight-vertex model
Let R(s,s
′)(u) (s, s′ = 12 , 1,
3
2 , · · · ) be the R-matrix of vertically 2s-fold and horizontally 2s′-fold fusion
of R(
1
2 ,
1
2 )(u), the R-matrix of the eight-vertex model. Then non-zero elements of R(1,
1
2 )(u) are given as
4 Even after using the symmetry of k 7→ −k, we should take the sum with respect to five terms. Thus, the correlation
function is not the simplest example.
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follows:
R(
1
2 ,1)(u)±±1±±1 =
1
κ¯1,2(u)
θ22
(
1
2r
)
θ2
(
u
2r
)
θ22 (0) θ2
(
2−u
2r
) ,
R(
1
2 ,1)(u)±±1±∓1 =
1
κ¯1,2(u)
θ21
(
1
2r
)
θ1
(
u
2r
)
θ22 (0) θ1
(
2−u
2r
) ,
R(
1
2 ,1)(u)± 0± 0 =
1
κ¯1,2(u)
θ2
(
1
r
)
θ1θ2
(
1−u
2r
)
θ2 (0) θ1θ2
(
2−u
2r
) ,
R(
1
2 ,1)(u)±∓1±∓1 = −
1
κ¯1,2(u)
θ22
(
1
2r
)
θ1
(
u
2r
)
θ22 (0) θ1
(
2−u
2r
) ,
R(
1
2 ,1)(u)±∓1±±1 = −
1
κ¯1,2(u)
θ11
(
1
2r
)
θ1
(
u
2r
)
θ22 (0) θ1
(
2−u
2r
) ,
R(
1
2 ,1)(u)∓±1± 0 =
1
κ¯1,2(u)
θ1
(
1
r
)
θ22
(
1−u
2r
)
θ2 (0) θ1θ2
(
2−u
2r
) ,
R(
1
2 ,1)(u)∓∓1± 0 = −
1
κ¯1,2(u)
θ1
(
1
r
)
θ21
(
1−u
2r
)
θ2 (0) θ1θ2
(
2−u
2r
) ,
R(
1
2 ,1)(u)∓ 0±∓1 =
1
κ¯1,2(u)
θ1θ2
(
1
2r
)
θ2
(
u
2r
)
θ22 (0) θ1
(
2−u
2r
) ,
R(
1
2 ,1)(u)∓ 0±±1 =
1
κ¯1,2(u)
θ1θ2
(
1
2r
)
θ1
(
u
2r
)
θ22 (0) θ2
(
2−u
2r
) .
(A.1)
where θi
(
u
2r
)
= θi
(
u
2r ;
π
√−1
2ǫr
)
, and
κ¯1,2(u) = (x
−1z)−
r′
r
(z;x2r)∞(x2rz−1;x2r)∞
(x2z−1;x2r)∞(x2r−2z;x2r)∞
.
The case (s, s′) = (1, 1) is of interest in the present study. There are twenty one non-zero elements
of R(1,1)(u) so that the spin 1 analogue of the eight-vertex model is also called twenty-one-vertex model.
25
The explicit expressions of non-zero elements of R(1,1)(u) are given as follows:
R(1,1)(u)±1±1±1±1 =
1
κ¯2,2(u)
(
θ42
(
1
2r
)
θ2
(
u
2r
)
θ2
(
1+u
2r
)
θ42 (0) θ2
(
2−u
2r
)
θ2
(
1−u
2r
) − θ41 ( 12r) θ2 ( u2r ) θ1 ( 1+u2r )
θ42 (0) θ2
(
2−u
2r
)
θ1
(
1−u
2r
)) ,
R(1,1)(u)±100±1 =
1
κ¯2,2(u)
θ1θ2
(
1
r
)
θ22
(
u
2r
)
θ22 (0) θ1θ2
(
2−u
2r
) = R(1,1)(u)0±1±10,
R(1,1)(u)±10±10 =
1
κ¯2,2(u)
θ22
(
1
r
)
θ1θ2
(
u
2r
)
θ22 (0) θ1θ2
(
2−u
2r
) = R(1,1)(u)0±10±1,
R(1,1)(u)±1∓1±1∓1 =
1
κ¯2,2(u)
(
θ42
(
1
2r
)
θ1
(
u
2r
)
θ1
(
1+u
2r
)
θ42 (0) θ1
(
2−u
2r
)
θ1
(
1−u
2r
) − θ41 ( 12r) θ1 ( u2r ) θ2 ( 1+u2r )
θ42 (0) θ1
(
2−u
2r
)
θ2
(
1−u
2r
)) ,
R(1,1)(u)∓1±1±1∓1 =
1
κ¯2,2(u)
θ1θ2
(
1
2r
)
θ1
(
1
r
)
θ32
(
u
2r
)
θ32 (0) θ1
(
2−u
2r
)
θ1θ2
(
1−u
2r
) ,
R(1,1)(u)00±1∓1 = −
1
κ¯2,2(u)
θ1θ2
(
1
r
)
θ1θ2
(
u
2r
)
θ2
(
1−u
2r
)
θ22 (0) θ1θ2
(
2−u
2r
)
θ1
(
1−u
2r
) = R(1,1)(u)±1∓100 ,
R(1,1)(u)0000 =
1
κ¯2,2(u)
(
−θ
2
2
(
1
r
)
θ1θ2
(
u
2r
)
θ22 (0) θ1
(
2−u
2r
) + θ1θ2 ( 12r ) θ1 ( 1r ) θ22 ( 1−u2r ) θ2 ( 1+u2r )
θ32 (0) θ1θ2
(
2−u
2r
)
θ1
(
1−u
2r
)
− θ1θ2
(
1
2r
)
θ1
(
1
r
)
θ21
(
1−u
2r
)
θ1
(
1+u
2r
)
θ32 (0) θ1θ2
(
2−u
2r
)
θ2
(
1−u
2r
) ) ,
R(1,1)(u)∓1∓1±1±1 = −
1
κ¯2,2(u)
θ1θ2
(
1
2r
)
θ1
(
1
r
)
θ31
(
u
2r
)
θ32 (0) θ2
(
2−u
2r
)
θ1θ2
(
1−u
2r
) .
(A.2)
Here,
κ¯2,2(u) = z
−r
′′
r
(x2z;x2r)∞(x2r−2z−1;x2r)∞
(x2z−1;x2r)∞(x2r−2z;x2r)∞
.
Note that some of components are modified by symmetrization of the R-matrix.
In this article we assume that the parameters v, ǫ and r lie in the so-called principal regime (2.8).
A.2 Boltzmann weights of 2× 2 fusion SOS model
In what follows we use the following symbols:u
m
 = [u]m
[m]m
, [u]m = [u][u− 1] · · · [u−m+ 1].
Let W22 be the Boltzmann weights of 2× 2 fusion SOS model, and let
W 22
 c d
b a
∣∣∣∣∣∣u
 = κ¯(2,2)(u)
2− u
2
W22
 c d
b a
∣∣∣∣∣∣ u

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be unnormalized weights. Then the non-zero W 22 are given as follows:
W 22
 k ± 4 k ± 2
k ± 2 k
∣∣∣∣∣∣u
 =
2− u
2
 ,
W 22
 k ± 2 k ± 2
k ± 2 k
∣∣∣∣∣∣u
 = [1− u][k ± 1± u]
[1][k ± 1] ,
W 22
 k ± 2 k
k k
∣∣∣∣∣∣ u
 = [1− u][k ± 1∓ u]
[1][k ± 1] ,
W 22
 k ± 2 k ± 2
k k
∣∣∣∣∣∣u
 = [k ± 3]
[k ± 1]
1− u
2
 ,
W 22
 k ± 2 k
k ± 2 k
∣∣∣∣∣∣ u
 = [k ∓ 1]
[k ± 1]
1− u
2
 ,
W 22
 k k ± 2
k ± 2 k
∣∣∣∣∣∣u
 =


±k + u+ 1
2




±k + 1
2


,
W 22
 k k ± 2
k ∓ 2 k
∣∣∣∣∣∣u
 =


±k + 2
2




±k
2


u+ 1
2
 ,
W 22
 k k
k ± 2 k
∣∣∣∣∣∣ u
 = − [k ∓ 1][u][k ± u]
[2][k][k ± 1] ,
W 22
 k k ± 2
k k
∣∣∣∣∣∣ u
 = − [2][k ∓ 2][u][k ± u]
[1]2[k − 1][k + 1] ,
W 22
 k k
k k
∣∣∣∣∣∣ u
 = [k − 1 + u][k − u]
[k][k − 1] +
[k − 1][k + 2]
[k][k + 1]
1− u
2
 .
(A.3)
Note that some of weights are modified by symmetrization of the Boltzmann weights. In this paper we
consider so-called Regime III in the model, i.e., 0 < u < 1.
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A.3 Fused intertwining vectors
For k′ = k, k ± 2, let
t(u)kk′ =
1∑
j=−1
vjt
j(u)kk′
t(u)kk±2 =
1
2h1
(
u+ 12
)

h
(2r)
3 (k ∓ u± 32 )h
(2r)
3 (k ∓ u∓ 12 )
2h4(1)h4(k ∓ u± 12 )
h
(2r)
4 (k ∓ u± 32 )h
(2r)
4 (k ∓ u∓ 12 )
 ,
t(u)kk =
1
2h1
(
u+ 12
)

h
(2r)
3 (k − u− 12 )h
(2r)
3 (k + u+
1
2 )
2h4(k)h4(u+
1
2 )
h
(2r)
4 (k − u− 12 )h
(2r)
4 (k + u+
1
2 )
 .
(A.4)
Then the following relation holds:
R(1,1)(u1 − u2)t(u1)da ⊗ t(u2)cd =
∑
b
t(u1)
c
b ⊗ t(u2)baW22
 c d
b a
∣∣∣∣∣∣u1 − u2
 . (A.5)
The dual intertwining vectors are given as follows:
t∗(u)k
′
k =
1∑
j=−1
v∗jt∗j (u)
k′
k
t∗(u)k±2k =
[
h
(2r)
4
2(k ± u± 12 ), −h
(2r)
3 h
(2r)
4 (k ± u± 12 ), h
(2r)
3
2(k ± u± 12 )
]
2h1
(
u− 12
)
h1(k)h1(k ± 1)
t∗1(u)
k
k = −
h
(2r)
4 (k + u+
1
2 )h
(2r)
4 (k − u+ 32 )
2h1
(
u− 12
)
h1(k)h1(k + 1)
− h
(2r)
4 (k − u− 12 )h
(2r)
4 (k + u− 32 )
2h1
(
u− 12
)
h1(k)h1(k − 1)
,
t∗0(u)
k
k =
h4(u − 12 )(h4(k + 1) + h4(k − 1))
2h1
(
u− 12
)
h1(k)
(
h4(k + 1)
h1(k + 1)
+
h4(k − 1)
h1(k − 1)
)
,
t∗−1(u)
k
k = −
h
(2r)
3 (k + u+
1
2 )h
(2r)
3 (k − u+ 32 )
2h1
(
u− 12
)
h1(k)h1(k + 1)
− h
(2r)
3 (k − u− 12 )h
(2r)
3 (k + u− 32 )
2h1
(
u− 12
)
h1(k)h1(k − 1)
.
(A.6)
The intertwining vectors and their dual vectors satisfy the following inversion relations:
1∑
j=−1
t∗j (u)
k′
k t
j(u)kk′′ = δ
k′
k′′ ,
∑
k′∼k
tj(u)kk′t
∗
j′ (u)
k′
k = δ
j
j′ . (A.7)
Then the following relation holds:
t∗(u1)bc ⊗ t∗(u2)abR(1,1)(u1 − u2) =
∑
d
W22
 c d
b a
∣∣∣∣∣∣u1 − u2
 t∗(u1)ad ⊗ t∗(u2)dc . (A.8)
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The explicit expressions of the L-operators defined by (2.56) are given as follows:
L
 k′ k′ ∓ 2
k k ∓ 2
∣∣∣∣∣∣ u0
 =
±k+k′2
2
u0 ± k−k′±12
2

±k
2
u0 + 12
2
 ,
L
 k′ k′ ± 2
k k ∓ 2
∣∣∣∣∣∣ u0
 =
±k−k′2
2
u0 ± k+k′±12
2

±k
2
u0 + 12
2
 ,
L
 k′ k′ ± 2
k k
∣∣∣∣∣∣ u0
 = [k+k′2 ][k−k′2 ][u0 ± k+k′±12 ][u0 ± k′−k±12 ]
[k + 1][k − 1][u0 + 12 ][u0 − 12 ]
[2]
[1]
,
L
 k′ k′
k k ± 2
∣∣∣∣∣∣ u0
 = [k+k′2 ][k−k′2 ][u0 ∓ k+k′±12 ][u0 ∓ k−k′±12 ]
[k][k ± 1][u0 + 12 ][u0 − 12 ]
,
L
 k′ k′
k k
∣∣∣∣∣∣ u0
 = [k+k′2 ][k+k′2 − 1][u0 + k−k′−12 ][u0 − k−k′−12 ]
[k][k − 1][u0 + 12 ][u0 − 12 ]
+
[k−k
′
2 ][
k−k′
2 + 1][u0 +
k+k′+1
2 ][u0 − k+k
′+1
2 ]
[k][k + 1][u0 +
1
2 ][u0 − 12 ]
.
(A.9)
B Appendix B OPE formulae and commutation relations
In this Appendix we list some useful formulae for the basic operators. In what follows we denote z = x2u,
w = x2v.
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First, useful OPE formulae are:
Φ1(u)Φ1(v) = z
r′′
r
(x2w/z;x2r)∞
(x2r′w/z;x2r)∞
: Φ1(u)Φ1(v) :, (B.1)
Φ1(u)A(v) = z
− r′′
r
(x2r
′
w/z;x2r)∞
(x2w/z;x2r)∞
: Φ1(u)A(v) :, (B.2)
A(v)Φ1(u) = w
− r′′
r
(x2r
′
z/w;x2r)∞
(x2z/w;x2r)∞
: A(v)Φ1(u) :, (B.3)
Â(u)Â(v) = z
r′′
r
(x2w/z;x2r)∞
(x2r′w/z;x2r)∞
: Â(u)Â(v) :, (B.4)
A(u)A(v) = z
r′′
r
(x2w/z;x2r)∞
(x2r′w/z;x2r)∞
(
: A(u)A(v) : +f(z, w) : Â(u)Â(v) :
)
, (B.5)
Ψ∗1(u)Ψ
∗
1(v) = z
r
r′′
(x−2w/z;x2r
′′
)∞
(x2r′w/z;x2r′′)∞
: Ψ∗1(u)Ψ
∗
1(v) :, (B.6)
Ψ∗1(u)B(v) = z
− r
r′′
(x2r
′
w/z;x2r
′′
)∞
(x−2w/z;x2r′′)∞
: Ψ∗1(u)B(v) :, (B.7)
B(v)Ψ∗1(u) = w
− r
r′′
(x2r
′
z/w;x2r
′′
)∞
(x−2z/w;x2r′′)∞
: Ψ∗1(u)B(v) :, (B.8)
B̂(u)B̂(v) = z
r
r′′
(x−2w/z;x2r
′′
)∞
(x2r′w/z;x2r′′)∞
: B̂(u)B̂(v) :, (B.9)
B(u)B(v) = z
r
r′′
(x−2w/z;x2r
′′
)∞
(x2r′w/z;x2r′′)∞
(
: B(u)B(v) : +f(z, w) : B̂(u)B̂(v) :
)
, (B.10)
Φ1(u)Ψ
∗
1(v) =
1
z
1
1− w/z : Φ1(u)Ψ
∗
1(v) := −Ψ∗1(v)Φ1(u), (B.11)
Φ1(u)B(v) = z
(
1− w
z
)
: Φ1(u)B(v) := −B(v)Φ1(u), (B.12)
Ψ∗1(u)A(v) = z
(
1− w
z
)
: Ψ∗1(u)A(v) := −A(v)Ψ1(u), (B.13)
A(u)B(v) =
1
z
1
1− w/z
(
: A(u)B(v) : +f(z, w) : Â(u)B̂(v) :
)
, (B.14)
B(v)A(u) =
1
w
1
1− z/w
(
: B(v)A(u) : +f(w, z) : B̂(v)Â(u) :
)
, (B.15)
W (v)Φ1(u) = w
2
r
(xr−2z/w;x2r)∞
(xr+2z/w;x2r)∞
:W (v)Φ1(u) :, (B.16)
W (v)A(v′) = w−
2
r
(xr+2w′/w;x2r)∞
(xr−2w′/w;x2r)∞
:W (v)A(v′) :, (B.17)
W (v)Ψ∗1(u) = w
− 2r′′ (x
rz/w;x2r
′′
)∞
(xr−4z/w;x2r′′)∞
:W (v)Φ1(u) :, (B.18)
W (v)B(v′) = w
2
r′′
(xr−4w′/w;x2r
′′
)∞
(xrw′/w;x2r′′)∞
: W (v)B(v′) : . (B.19)
Here Â(v) and B̂(v) denote the fermion contraction
Â(v) = w
r′′
2r : exp
∑
m 6=0
βm
m
w−m
 : e−αw 12L− r′′2r K ,
B̂(v) = w
r
2r′′ : exp
−∑
m 6=0
[rm]x
[r′′m]x
βm
m
w−m
 : e−βw− r2r′′ L+ 12K ,
30
and
f(z, w) =
1
x+ x−1
∑
m>0
((
x2w
z
)m
+
(
x−2w
z
)m)
. (B.20)
From these, we obtain the following commutation relations:
Φ1(u)Φ1(v) =
[v − u+ 1]
[u− v + 1]Φ1(v)Φ1(u), (B.21)
A(v)Φ1(u) =
[v − u+ 1]
[u− v + 1]Φ1(u)A(v), (B.22)
[u− v + 1]A(u)A(v) = [u− v − 1]A(v)A(u), (B.23)
Ψ∗1(u)Ψ
∗
1(v) =
[v − u− 1]′′
[u− v − 1]′′Ψ
∗
1(v)Ψ
∗
1(u), (B.24)
B(v)Ψ∗1(u) =
[v − u− 1]′′
[u− v − 1]′′Ψ
∗
1(u)B(v), (B.25)
[u− v − 1]′′B(u)B(v) = [u− v + 1]′′B(v)B(u), (B.26)
Φ1(u)Ψ
∗
1(v) = −Ψ∗1(v)Φ1(u), (B.27)
Φ1(u)B(v) = B(v)Φ1(u), (B.28)
Ψ∗1(u)A(v) = A(v)Ψ
∗
1(u), (B.29)
[A(u), B(v)] =
1
(x+ x−1)(z − w) : Â(u)B̂(v) :
(
δ
(
x2w
z
)
+ δ
(
x−2w
z
))
, (B.30)
W (v)Φ1(u) =
[u− v + r′′2 ]
[v − u+ r′′2 ]
Φ1(u)W (v), (B.31)
W (v)A(v′) =
[v − v′ + r′′2 ]
[v′ − v + r′′2 ]
A(v′)W (v), (B.32)
W (v)Ψ∗1(u) =
[u− v + r2 ]′′
[v − u+ r2 ]′′
Ψ1(u)W (v), (B.33)
W (v)B(v′) =
[v − v′ + r2 ]′′
[v′ − v + r2 ]′′
B(v′)W (v). (B.34)
C Appendix C Free field representations of Λ(u0)
l′k′
lk
Consider the LHS of (3.32) with k′ = k − 2.
[Ψ∗(u)l−2l ,Λ(u0)
lk−2
lk ] = c1
∮
C′
dw
2π
√−1w
∮
C
dw′
2π
√−1w′ [B(v), A(v
′)]Ψ∗1(u)
× [v − u+ l]
′′
[v − u− 1]′′
[v′ − u0 − 12 − k]
[v′ − u0 − 32 ]
,
(C.1)
where
cs = (−1)s [s+ 1][k − 2s][k − s+ 1]
[1][k][k + 1]
.
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Using (B.30), the integral with respect to w′ on (C.1) can be evaluated by the substitution w′ = x±2w.
The result is as follows:
[Ψ∗(u)ll,Λ(u0)
lk−2
lk ]
=
c1
x−2 − x2
∮
C′
dw
2π
√−1w
(
F
(
v − r′′2
)
W
(
v − r′′2
)
− F
(
v + r
′′
2
)
W
(
v + r
′′
2
))
Ψ∗1(u)
=
c1
x−2 − x2
(∮
x−r′′C′
dw
2π
√−1w −
∮
xr′′C′
dw
2π
√−1w
)
F (v)W (v)Ψ∗1(u),
(C.2)
where
F (v) :=
[v − u− r′′2 + l]′′
[v − u− r2 ]′′
[v − u0 + r−12 − k]
[v − u0 + r−32 ]
.
The integral with respect to w on (C.2) can be evaluated by the residue at w = xrz and w = x3−rz0.
The former residue vanishes because of (B.18). Thus, from (3.33) we have
c1
x−2 − x2
[u0 − u+ 12 + l]′′
[u0 − u− 12 ]′′
[1− k]
∂[0]
W−(u0) = Λ(u0)l k−2l+2 k
[1]′′[u0 +∆u − u+ l+ 12 ]′′
[l + 2]′′[u0 +∆u− u− 12 ]′′
.
Hence we conclude that ∆u = 0 and
Λ(u0)
l k−2
l+2 k =
[l + 2]′′
[1]′′
[2][k − 1][k − 2]
(x−2 − x2)∂[0][1][k + 1]W−(u0). (C.3)
Let us summarize the result as follows:
[Y ∗(u), X(u0 + 12 )]Ψ
∗
1(u) =
1
x−2 − x2W−(u0)Ψ
∗
1(u)
[u0 − u+ 12 + L]′′
[u0 − u− 12 ]′′
[1−K]
∂[0]
. (C.4)
Consider the LHS of (3.32) with k′ = k − 2s.
[Ψ∗(u)ll,Λ(u0)
lk′
lk ] = cs
∮
C′
dw
2π
√−1w
s∏
j=1
∮
C
dw′j
2π
√−1w′j
[B(v), A(v′s) · · ·A(v′1)]Ψ∗1(u)
× [v − u+ l]
′′
[v − u− 1]′′
[v′s − u0 − 12 − (k − 2s+ 2)]
[v′s − u0 − 32 ]
· · · [v
′
1 − u0 − 12 − k]
[v′1 − u0 − 32 ]
= cs
[s]!
s![1]s
∮
C′
dw
2π
√−1w
s∏
j=1
∮
C
dw′j
2π
√−1w′j
[B(v), A(v′s) · · ·A(v′1)]Ψ∗1(u)
× [v − u+ l]
′′
[v − u− 1]′′
s∏
i<j
[v′i − v′j ]
[v′i − v′j + 1]
s∏
i=1
[v′i − u0 − 12 − (k − s+ 1)]
[v′i − u0 − 32 ]
.
(C.5)
Using (C.4) and the commutation relation (B.32) we have
[Ψ∗(u)ll,Λ(u0)
lk′
lk ]
=
cs
x−2 − x2
[s]!
(s− 1)![1]s
s−1∏
j=1
∮
C
dw′j
2π
√−1w′j
W−(u0)A(v′s−1) · · ·A(v′1)Ψ∗1(u)
× [u0 − u+
1
2 + l]
′′
[u0 − u− 12 ]′′
[s− k]
∂[0]
s−1∏
i<j
[v′i − v′j ]
[v′i − v′j + 1]
s−1∏
i=1
[v′i − u0 − 12 − (k − s+ 1)]
[v′i − u0 − 12 ]
=
cs
x−2 − x2
[s][s− k]
∂[0][1]
[u0 − u+ 12 + l]′′
[u0 − u− 12 ]′′
W−(u0)X(u0 − 12 )s−1.
(C.6)
From (3.33) with ∆u = 0 and (C.6) we obtain (3.34).
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Consider the LHS of (3.36) with k′ = k − 2s.
[Ψ∗(u)l−2l ,Λ(u0)
lk′
lk ]
= cs
2∏
a=1
∮
C′
dwa
2π
√−1wa
s∏
j=1
∮
C
dw′j
2π
√−1w′j
[B(v1)B(v2), A(v
′
s) · · ·A(v′1)]Ψ∗1(u)
× [v1 − u+ l − 2]
′′
[v1 − u− 1]′′
[v2 − u+ l]′′
[v2 − u− 1]′′
[v′s − u0 − 12 − (k − 2s+ 2)]
[v′s − u0 − 32 ]
· · · [v
′
1 − u0 − 12 − k]
[v′1 − u0 − 32 ]
= cs
[s]!
s![1]s
[2]′′
2[1]′′
2∏
a=1
∮
C′
dwa
2π
√−1wa
s∏
j=1
∮
C
dw′j
2π
√−1w′j
[B(v1)B(v2), A(v
′
s) · · ·A(v′1)]Ψ∗1(u)
× [v1 − v2]
′′
[v1 − v2 + 1]′′
2∏
a=1
[va − u+ l − 1]′′
[va − u− 1]′′
s∏
i<j
[v′i − v′j ]
[v′i − v′j + 1]
s∏
i=1
[v′i − u0 − 12 − (k − s+ 1)]
[v′i − u0 − 32 ]
.
(C.7)
Using (C.4) and the commutation relations (B.32, B.34) we have
[Ψ∗(u)l−2l ,Λ(u0)
lk′
lk ] =
cs
x−2 − x2
[s]!
(s− 1)![1]s
[2]′′
[1]′′
[u0 − u− 12 + l]′′
[u0 − u− 12 ]′′
[s− k]
∂[0]
×
∮
C′
dw1
2π
√−1w1
s−1∏
j=1
∮
C
dw′j
2π
√−1w′j
B(v1)W−(u0)A(v′s−1) · · ·A(v′1)Ψ∗1(u)
× [v1 − u0 −
1
2 ]
′′
[v1 − u0 + 12 ]′′
[v1 − u+ l − 1]′′
[v1 − u− 1]′′
s−1∏
i<j
[v′i − v′j ]
[v′i − v′j + 1]
s−1∏
i=1
[v′i − u0 − 12 − (k − s+ 1)]
[v′i − u0 − 12 ]
.
(C.8)
Using (C.8) and
L′′
 l − 2 l
l l
∣∣∣∣∣∣ u0 − u
 = [2]′′[u0 − u+ l − 12 ]′′
[l + 1]′′[u0 − u+ 12 ]′′
,
L′′
 l − 2 l
l + 2 l
∣∣∣∣∣∣ u0 − u
 = [1]′′[2]′′[u0 − u+ l − 12 ]′′[u0 − u+ l + 12 ]′′
[l + 1]′′[l + 2]′′[u0 − u− 12 ]′′[u0 − u+ 12 ]′′
,
the relation (3.36) reduces to
[1]′′[u0 − u+ l + 12 ]′′
[l + 2]′′[u0 − u+ 12 ]′′
Λ(u0)
l−2 k′
l+2 k
=
cs
x−2 − x2
[s]
[1]
[l + 1]′′
[1]′′
[s− k]
∂[0]
∮
C′
dw1
2π
√−1w1
[v1 − u0 − 12 ]′′
[v1 − u0 + 12 ]′′
[v1 − u+ l − 1]′′
[v1 − u− 1]′′
× B(v1)W−(u0)X(u0 − 12 )s−1 −
[u0 − u− 12 ]′′
[u0 − u+ 12 ]′′
Λ(u0)
l−2 k′
lk Y
∗(u).
(C.9)
Using the commutation relation (B.34) and the addition theorem
[l + 1]′′
[1]′′
[v1 − u0 − 12 ]′′
[v1 − u0 + 12 ]′′
[v1 − u+ l − 1]′′
[v1 − u− 1]′′ −
[l]′′
[1]′′
[u0 − u− 12 ]′′
[u0 − u+ 12 ]′′
[v1 − u+ l]′′
[v1 − u− 1]′′
[v1 − u0 − 32 ]′′
[v1 − u0 + 12 ]′′
=
[u0 − u+ l + 12 ]′′
[u0 − u+ 12 ]′′
[v1 − u0 − 12 + l]′′
[v1 − u0 + 12 ]′′
,
the relation (C.9) reduces to (3.37).
Repeating the similar procedures we can derive the general expression (3.38).
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